We generalize the notion of constant-roll inflation earlier introduced in General Relativity (GR) and f (R) gravity to inflationary models in more general scalar-tensor gravity. A number of novel exact analytic solutions for a FLRW spatially flat cosmological background is found for this case. All forms of the scalar field potential and its coupling to gravity producing the exact de Sitter solution, while the scalar field is varying, are presented. In the particular cases of induced gravity and GR with a non-minimally coupled scalar field, all constant-roll inflationary solutions are found. In the former case they represent power-law inflation, while in the latter case the solution is novel and more complicated. Comparison of scalar perturbations generated during such inflation in induced gravity with observational data shows that the constant-roll parameter should be small, similar to constant-roll inflation in GR and f (R) gravity. Then the solution reduces to the standard slow-roll one with small corrections.
I. INTRODUCTION
Slow-roll inflationary models predict observables consistent with the latest observations. Yet, it is possible to consider more general models observationally viable by replacing the assumption of the inflaton slow roll to constant roll. As a generalization of the standard slow-roll condition, the constant-roll conditionφ = βHφ was first employed in [1] , where φ is the inflaton, and H ≡ȧ/a is the Hubble parameter. The constant-roll condition with small |β| is compatible with the slow roll of the inflaton, whereas a special value β = −3 amounts to the ultra-slow-roll inflation [2, 3] . Later, using the Hamiltonian-Jacobi approach, the analytic solution of the inflationary dynamics and the potential was found in [4] for canonical inflation, which was explicitly shown to be compatible with the observational constraint for β ≈ 0.015 [4, 5] (see also [6] ). This solution represents an inflationary model having two free parameters (β and the initial inflaton position φ ini ) with an assumption of a smooth transition to reheating phase. The constant-roll inflation with a different value of β has been also extensively studied recently in [7] [8] [9] [10] .
Similar analytic solution exactly satisfying the constant-roll condition in the Jordan framef = βHf was also obtained in f (R) gravity in [11] , in which the master first-order differential equation for H in terms of the curvature R in the Jordan frame was also derived for general f (R) model. While the function f (R) for exact constant-roll inflation is obtained in the parametric form, it can be shown that focusing on small |β|, it is close to R 2 according to the general theorem valid for any slow-roll inflation model in f (R) gravity with arbitrary, but small values of the scalar power spectrum slope n s (k) − 1 and the tensor-to-scalar ratio r(k) [12] . For the value n s (k) ≈ 0.965 at cosmological scales preferred by observational data, the relevant slow-roll models satisfying this condition are the R + R 2 inflationary model [13] , or the R + R p model with p ≈ 2 [14] . However, it remains unclear if constant-roll inflation exists in more general framework with non-minimal coupling between the inflaton and gravity. So, in this paper we generalize the notion of constant-roll inflation to more general scalar-tensor theory of gravity. The rest of the paper is organized as follows. In §II, we impose the constant-roll condition and provide basic equations for dynamics of background space-time and perturbations. In §III, we find the constant-roll model in scalar-tensor gravity allows an exact de Sitter solution as an analytic solution of equations of motion. In §IV, we focus on the induced gravity and investigate the constant-roll inflationary scenario in detail to show that there exists a viable parameter region that can accommodate the latest observational constraints. In §V and §VI, we provide analytic solutions for the particular cases of GR driven by a non-minimally coupled scalar field with a potential. §VII is devoted to the conclusion.
II. CONSTANT-ROLL DYNAMICS

A. Background
Let us consider the following scalar-tensor theory with a non-minimal coupling of a scalar field to gravity: where σ = ±1 and we use the natural unit where M Pl ≡ (8πG) −1/2 = 1. This action is equivalent to the Brans-Dicke theory
via a redefinition of the scalar field
A requirement that the scalar field mediates an attractive force in the weak field limit yields the condition
Therefore, in general both signs σ = ±1 can be free from ghost so long as ω BD , or f (φ) satisfies the condition (4).
With the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) background metric, ds 2 = −dt 2 +a(t) 2 δ ij dx i dx j , the equations of motion of the action (1) are given by
where H ≡ȧ/a is the Hubble parameter, and a dot and a prime denote a derivative with respect to t and φ, respectively. They recover the standard equations for the canonical inflation for f = 1 and σ = +1. We are interested in exact solutions that satisfy the constant-roll condition
where β is a constant. *1 Following [4] , we adopt the Hamiltonian-Jacobi approach and regard H = H(φ) to derive constant-roll exact solutions. Plugging the constant-roll condition (6) andḢ =φH (φ) to the second equation of (5), we obtainφ
First, let us consider the case whereφ = 0 and σ + f = 0 are satisfied. We can then expressφ as a function of φ aṡ
By taking a time derivative of (8) and plugging the constant-roll condition (6) once more, we obtain a differential equation for H(φ) as
This equation is a natural generalization of the differential equation βH = −2H obtained in [4] for the canonical constant-roll inflation, which can be recovered by setting f = 1 and σ = +1. Depending on the functional form of f (φ), we can obtain several branches of the constant-roll exact solutions of the differential equation (9) of H(φ). We shall discuss each branch in §III-V. For the following, we consider general solution.
In general, for a given function f (φ) the differential equation (9) yields two independent solutions for H(φ). Let them be h 1 (φ) and h 2 (φ). The Hubble parameter is then formally given by a linear combination
where c 1 , c 2 are dimensionless constants of integration and M is the energy scale of inflation, which is fixed by the CMB normalization of the amplitude of the scalar power spectrum. Therefore, in the most of the present paper, we set M = 1 for simplicity. The time evolution of the scalar field in terms of t can be obtained by solving (8) with (10) .
Once H and thenφ are given as a function of φ by (10) and (8), we can derive the potential V = V (φ). From the first equation of (5) we obtain
Plugging (10) with M = 1 to (8) we obtainφ as a function of φ, and then (11) reads
where
and
As mentioned above, (8) is based on the assumptionsφ = 0 and σ + f = 0. On the other hand, we can consider a special case where σ + f = 0 is satisfied. In this case, we have
where f 1 , f 2 are integration constants, and the Hubble parameter is obtained by solving (β − 1)f H + 2f H = 0 from (7) . To obtain the potential, one needs to solve (6) forφ and plug it into (11) . While in general this process cannot be performed analytically, it is possible for a special case, as we shall see in §III.
B. Perturbation
Before proceeding details of each solution, let us summarize the tensor and scalar perturbations of the action (1). We consider metric perturbation h µν = g µν −ḡ µν around the flat FLRW metricḡ µν in the unitary gauge where perturbation of the scalar field δφ = 0, which coincides with the comoving gauge. After integrating out nondynamical scalar perturbations, for the tensor and scalar perturbations defined by
the quadratic actions are given by
where H ≡ −Ḣ/H 2 and
This notation allows us to capture the difference from the canonical case explicitly by the sound speed c i and normalization factor b i and to highlight their role in slow roll expansion for a wide range of theories [16] [17] [18] . Solving the Euler-Lagrange equation at the superhorizon limit, we obtain the superhorizon solutions as
where C i , D i are integration constants. While in the standard inflationary scenario the second modes are decaying mode, it is actually not always the case. For instance, in the ultra-slow-roll inflation, the curvature perturbation is growing on superhorizon scales [3] , which leads to the violation of the non-Gaussianity consistency relation [1, 19] . For the following, we shall focus on the case where the second modes are decaying modes.
III. EXACT DE SITTER SOLUTION
In this section, we derive an exact de Sitter constant-roll solution in scalar-tensor theory. The exact de Sitter solution does not exist in the canonical constant-roll model. From the point of view of the application to the early Universe, since the primordial perturbations are not generated during exact de Sitter regime, it is necessary to introduce other mechanism to produce the primordial perturbation such as curvaton.
Plugging H = M = const. to (9) yields
A special case β = 1 corresponds to σ + f = 0, for which (9) does not apply as mentioned above. Hence, below we shall focus on the case β = 1 first. We shall address de Sitter solution for β = 1 at the end of this section, and show that while the derivation is slightly different, de Sitter solution for β = 1 coincides with the solution derived for β = 1 with substitution β = 1.
For β = 1 we obtain
where we absorbed a constant of integration into a redefinition of the scalar field. From (8) we obtainφ = βM φ and hence
Therefore, the assumptionφ = 0 is satisfied. Note that this branch shows up only when f = 0, i.e. when the scalar field non-minimally couples to gravity. The de Sitter branch withφ = 0 is not possible in the case of GR with a canonical scalar field. For a given scalar-tensor theory with f (φ) satisfying the differential equation (21), the de Sitter solution with time-evolving scalar field φ ∝ e βM t exists.
The simplest example of such case was known long ago [20, 21] : a massive non-minimally coupled scalar field with
Indeed, (21) is satisfied with
and then the potential (11) is given by
Therefore, the model with V (φ) = m 2 φ 2 /2 corresponds to
neglecting the constant contribution 3M 2 . For recent interest to this topic, see e.g. [22] . Also, note that for the special case of the model (23) with β = −1, we obtain the conformal coupling ξ = 1/6 and constant potential V (φ) = 3M 2 , which was studied in [23] . Let us derive general solution of the differential equation (21) . Using the derivation of general constant-roll solution in §II, we can find all solutions with H = M = const. and φ ∝ e βM t for the coupling f (φ) and potential V (φ). The coupling f (φ) is determined by solving the differential equation (21) as
with
and d 1 , d 2 are constants of integration. Note that d 1 , d 2 are arbitrary constants including zero whereas we remind σ = ±1. The model (23) corresponds to a special case with d 1 = 0, d 2 = 1, σ = +1, γ = −ξ, which is consistent with (24) . Plugging (27) andφ = βM φ into (11), we obtain the potential as
It is also clear that (29) coincides with (25) for the case of the above parameter set. Finally, let us consider the exceptional case β = 1. In this case, instead of (21), we can use (15) , and obtain
which actually coincide with (27) and (29) with β = 1. Therefore, the de Sitter solution (27) and (29) also apply to the case β = 1.
IV. INDUCED GRAVITY
We proceed to detailed analysis of specific theories, derive constant-roll exact solutions by solving the differential equation (9), and study its observational predictions. In this section we focus on the induced gravity with
where ξ is a dimensionless constant. Since ω BD (Φ) = σf /f 2 = σ/4ξ in this case, we focus on the ghost-free parameter region (4), i.e.
where we defined x ≡ σ/ξ. The assumption σ + f = 0 reads σ + 2ξ = 0 or x = −2. With (31), the differential equation (9) reads
The two independent solutions of (33) are φ (−β±p)/2 with
Below we consider two cases: (β − 2) 2 − 2β(2 + x) ≷ 0 and denote them Case 1 and Case 2, respectively. Clearly, p is real for Case 1, whereas p is pure imaginary for Case 2. The conditions simplify as
The potential is given by (12) with (13) and (14), the latter of which plugging (31) reads
For simplicity, we focus on the scenario where inflation occurs at the positive region φ > 0.
A. Case 1, solution 1
Let us begin with the Case 1 defined by (35). In this case, the analytic solution for the Hubble parameter H(φ) is given by (10), i.e. a linear combination of
with real integration constants c 1 , c 2 . The relation between φ and t can be obtained by solving (8), which is expressed in terms of the Gauss' hypergeometric function 2 F 1 . Finally the potential is given by (12) with (37) and (38). For a particular solution, the potential takes a simple form. Below we focus on a particular solution
For another particular solution,
we shall obtain similar expressions with a replacement p → −p.
For the particular solution (39) we obtain
,
and hence this model describes a power-law expansion. Note that the slow-roll parameter
remains constant. As expected, H 1 limit gives more drastic expansion since a ∝ t 1/ H . Since the analytic solution (41) for the scale factor takes a power-law form, one may remind the power-law inflation [24, 25] , which does not satisfy the observational constraints. However, it is not necessarily the case for the solution (41) since the consistency relations between inflationary spectral parameters and model parameters are in general modified by the existence of non-minimal coupling. Indeed, we shall show below that the model has observationally viable parameter region.
The normalization factor b i and sound speed c i in the tensor and scalar quadratic actions (18) 
among which in particular c t and c s are constant. It is worthwhile to note a simple relation holds
Since H , c t , c s are constant and b t , b s are power law function of t, the slow-roll hierarchy is simple:
all of which are constant. Here, N ≡ ln a is the number of e-foldings. Note that higher order slow-roll parameters ξ t,j , ξ s,j with j ≥ 1 identically vanish as ξ t1 , ξ s1 are constant. Also, we can neglect δ j+1 with j ≥ 1 so long as we assume H 1 and focus on the leading order O( H ). With (41) and (43), the time-varying modes of the superhorizon solutions (19) 
Therefore, for the parameter values where the right-hand side is positive, these modes are growing. On the other hand, if they are decaying mode, we can apply the standard picture where scalar and tensor perturbations are frozen outside the horizon. In this case, by focusing on slow-roll regime and considering the leading order in H , we obtain [17] 
for scalars, and
for tensors, where the conformal time η and scalar sound horizon s are defined by
Since H , δ 1 , ξ s1 , ξ t1 are constants from (42) and (45), the scalar and tensor tilts in (48) and (49) are also constants and simply given by
Therefore, the scalar and tensor power spectra have the same tilt in this model. On the other hand, H, b s , b t in the scalar and tensor power spectra are time dependent, and one needs to be careful for the evaluation of the tensor-to-scalar ratio. Since the scalar and tensor sound speeds are different, the mappings from inflaton field value to wavenumbers for scalar and tensor power spectra are different. Therefore, evaluating the scalar and tensor power spectra at kη = 1 leads to an incorrect evaluation of tensor-to-scalar ratio in general. In our case we can make use of the analytic solutions and explicitly write down the power spectrum evaluated at ks = 1 and kη = 1 for scalar and tensor perturbation respectively:
The tensor-to-scalar ratio evaluated at the same wavenumber is given by
Let us consider the condition on the model parameters β, σ, ξ for viable model from theoretical and observational point of view. First of all, they need to satisfy the no-ghost condition (32) and the condition (35) for Case 1. In addition, we impose the following set of conditions:
With the analytic solution (41), the condition (i) guarantees that the Hubble parameter H(t) is positive and decreasing in time. The condition (ii) guarantees the absence of the ghost and gradient instabilities in scalar and tensor perturbations. The condition (iii) guarantees the absence of growing mode of tensor and scalar perturbations on superhorizon scales. First, we show that the conditions (i) and (ii) dramatically reduces the parameter space. From the relation (44), the conditions (i) and (ii) is equivalent to require x ≡ σ/ξ > 0. Combined with the fact that b t > 0 means ξ > 0, we obtain σ = +1. For x > 0, the no-ghost condition (32) and the assumption x = −2 are automatically satisfied. Under x > 0, the remaining conditions b s > 0 and c 2 s > 0 read
For β < 0, the condition (54) simplifies as β + p > 0, which is automatically satisfied since
For β > 0, the condition (54) simplifies as 2 − β + p > 0, namely,
Clearly, under x > 0 the condition (56) is not satisfied if β ≥ 2. On the other hand, the condition (56) is satisfied for β < 2 so long as the left-hand side is real, i.e. the condition (35) is satisfied. Therefore, after imposing the conditions (i) and (ii), the allowed parameter region is The last condition is obtained from the condition (35) and β < 2. The right-hand side of the last condition is monotonically increasing from 0 for ξ → 0 to an asymptotic value 4 − 2 √ 3 ≈ 0.536 for ξ → ∞, so β < 0.54 holds for any positive ξ.
Second, we impose the condition (iii). With ξ > 0, this condition simplifies as
Clearly, the condition is satisfied for β > 0 so long as the left-hand side is real. For β < 0, this condition yields a lower bound. Combining it with (57), we obtain σ = +1 and ξ > 0 and − 3 − 6ξ
as the allowed parameter region where the conditions (i)-(iii) are satisfied, which is depicted in Fig. 1 as a shaded region. However, one can show that there is no parameter region that satisfies the observational constraint on (n s , r) given by Planck 2018 results [26] .
B. Case 1, solution 2
Next, let us study the case of another particular solution (40). As already mentioned above, the analytic solutions for this case are given by a replacement p → −p. Therefore, we obtain
Again, we have a simple relation
With the slow-roll hierarchy given by (45) with the replacement p → −p, we obtain
whereas the amplitude of the spectra are given by (52) with the replacement p → −p.
We then impose the condition (i)-(iii) and observational constraint on (n s , r), and identify allowed parameter region. Requiring the same condition (i)-(iii), we obtain the viable parameter region σ = +1 and ξ > 0 and −3 − 6ξ
which is depicted in the left panel of Fig. 2 as a shaded region. One can show that the potential is always positive for this parameter region. Let us first focus on the β > 0 part of the viable parameter region (64). For small ξ, the last condition is approximately
Therefore it requires a fine-tuning for β. Furthermore, one can show that for this region, the analytic solution describes the inflaton climbing up the potential as (2 − β + p)(β − p) > 0, which is not an attractor solution. In general, one needs a transition from the non-attractor regime to attractor regime by connection to a different potential or changing the field trajectory to a direction for a different scalar field, which is sufficiently massive during the non-attractor regime. Here, we focus on the β < 0 part of the parameter region (64). In this case the inflaton rolls down the positive and increasing potential. Finally, we compare our model with the particular solution (40) with the latest observational constraint on (n x , r) by Planck 2018 results [26] . The right panel of Fig. 2 depicts the viable parameter region, where two curves amount to the 68% and 95% confidence regions.
C. Case 2
Next we consider the Case 2 that does not satisfy (35), for which p is pure imaginary, and hence we denote
with q being real. In this case we take
The general solution for the Hubble parameter H(φ) is given by (10) with these h 1 (φ), h 2 (φ) with real integration constants c 1 , c 2 . The relation between φ and t can be obtained by solving (8) , which is again expressed in terms of where
Exact solutions are depicted in Fig. 3 . We are interested in a region where the Hubble constant is positive and decreasing, keeping its variation small. Since the difference of h 1 (φ) and h 2 (φ) is only phase, let us focus on h 1 (φ) in Fig. 3 . There indeed exists a region for the positive and slow variation of h 1 (φ), and sinceφ > 0, the Hubble parameter is decreasing for φ 0.5. However, this solution corresponds to the potential v 1 (φ), and it is increasing as φ evolves, which implies that the inflaton is climbing up the potential. Such a case is not an attractor solution, and in general requires a transition from non-attractor regime to attractor regime.
V. NON-MINIMALLY COUPLED SCALAR FIELD
Let us consider another special case of scalar-tensor gravity -GR with a non-minimally coupled scalar field as a source. Then
In this case, slow-roll inflationary solutions was first considered in [27, 28] . Since ω BD (Φ) = σf /f 2 = σ(1−ξφ 2 )/4ξ 2 φ 2 in this case, the ghost-free parameter region (4) reads
Clearly, the inequality does not hold for φ = 0. Therefore, so long as we focus on ghost-free theory, we should cut the potential before the inflaton reaches φ = 0. For φ = 0, allowed parameter regions are σ = +1 : ξ(6ξ − 1)φ 2 > −1,
The inequality should be satisfied for field region of interest. For the first case, the inequality is satisfied for any φ if 0 < ξ < 1/6. Note also that the condition σ + f = 0 reads ξ = σ/2. The differential equation (9) reads
Note that for the limit ξ → 0 we recover the canonical constant roll model in [4] , and two independent solutions are given by H(φ) ∼ e ± √ β 2 φ . With ξ = 0 two independent solutions for this equation are given by the associated Legendre function P m n (x) and Q m n (x),
Plugging the solution (74) for H(φ) into (8), we can write downφ as a function of φ, with which we can write down the potential (11) .
A. Special case
Let us consider a simple case with β = 1, for which we have m = 0 and n = (−1 + 2σ/ξ − 3)/2. Furthermore, if n is a natural number, the solution simplifies dramatically.
The case n = 0 corresponds to σ/ξ = 2, i.e. σ + f = 0, so instead of the solution (74) we use (15) and hence only de Sitter solution is allowed for β = 1, which is the solution (30).
The case n = 1 corresponds to σ/ξ = 6, for which (74) reads
Let us focus on the particular solution with c 2 = 0. The Hubble parameter positive for c 1 √ σ > 0. In this case the The potential (11) is then given by
By solving (6), the analytic solution for the inflaton is given
Plugging it into H =ȧ/a = c 1 σ/6 φ, we obtain
VI. EXPONENTIAL COUPLING One more case when the equation (9) can be solved in terms of standard higher transcendental function is
In this case, (9) reads For the case with σ = 0, the solution is given by
To derive analytic solution for general case with σ = 0, it is convenient to introduce a function Z(φ) ≡ Hdφ =φ/β. First, we integrate (9) to obtain a second-order equation with respect to Z(φ). Then, regarding Z as a function of x = exp(Cφ), we obtain
Further, defining y = 2σβ C 2 x , which is real or pure imaginary depending on σβ ≷ 0, we arrive at
The solution can be written as
where ν = 1 2 β 2 − 10β + 1 and J ν (y), Y ν (y) are the Bessel functions of the first and second kind, respectively. The Hubble parameter H(φ) can be obtained by H = dZ/dφ. The time evolution of the scalar field φ(t) is governed bẏ φ = βZ, with which the potential V (φ) can be obtained by (11) .
As a simple case, let us consider β = 10 for which ν = 1/2 and the Bessel functions can be written down in terms of trigonometric functions. The Hubble parameter is then given by
For σ = −1 case, it is written in terms of hyperbolic functions and simplifies as H(φ) = 400 2 π e −5φ/2 c 1 (2e φ/2 + √ 5)e 2 √ 5e −φ/2
where we set the normalization of the scalar field as C = 1, and redefine integration constants asc 1 = (−ic 1 + c 2 )/2 andc 2 = (ic 1 + c 2 )/2. By takingc 1 andc 2 real, we obtain real H(φ). The potential is then given by
VII. CONCLUSION
We have generalized the notion of constant-roll inflation earlier introduced in GR and f (R) gravity to inflationary models in more general scalar-tensor theory in which a scalar field is non-minimally coupled to gravity. We have found in §III that the constant-roll condition allows a novel exact de Sitter solution with a scalar field varying with time as an analytic solution of the equations of motion. We have found the general form of the non-minimal coupling function f (φ) for which such solution can exist. In §IV, by considering the constant-roll inflation in the induced gravity, we have found a simple analytic solution with the power-law inflation, for which we have identified a viable parameter region compatible with the latest observational constraint on (n s , r). In §V and §VI, we have also provided analytic solutions for the constant-roll inflation in the other specific cases of scalar-tensor gravity: GR driven by a non-minimally coupled scalar field.
For the constant-roll inflation in the induced gravity, the observational constraint on (n s , r) restricts the constantroll parameter as −0.06 β −0.03. The requirement of small |β| is consistent with the results obtained in the previous constant-roll models [4, 5, 11] . Since we started from general constant-roll condition and found that small |β| is needed to satisfy observational constraints, these results imply that the slow-roll condition is not a theoretical assumption taken for simplicity but actually the requirement from observation.
The constant-roll de Sitter solution found in the present paper can be exploited for inflation by assuming an appropriate mechanism for generation of primordial perturbations and transition to reheating regime. Unlike other constant-roll scenarios, in this case |β| is allowed to take a large amplitude, and hence the de Sitter expansion can be driven by non-slow-roll constant-roll inflaton. It would be interesting to investigate this scenario and its implications more in detail that we leave for a future work.
